The gravitational field of a laser pulse, although not detectable at the moment, comes with a peculiar feature which continues to attract attention; cause and effect propagate with the same speed, that of light. A particular result of this feature is that the gravitational field of an emitted laser pulse and the gravitational effect of the emitter's energy-momentum change are intimately entangled. In this article, a specific example of an emission process is considered -an atom, modeled as a point mass, emits two counter-propagating pulses. The corresponding curvature and the effect on massive and massless test particles is discussed.
INTRODUCTION
In a seminal paper [1] by Tolman et al., a single light pulse of finite lifetime was modeled and the corresponding gravitational field was derived as a perturbation of Minkowski spacetime in the framework of linearized gravity. In [2] and [3] , it was argued that the gravitational field of the pulse is due only to its emission and absorption. In [3] , it was shown that the exact process in which a laser pulse is emitted can be disregarded, as long as one is only interested in the gravitational field close to the pulse trajectory. However, in general, the change in the emitter's energy-momentum accompanying the emission of the pulse induces a gravitational effect that is intimately entangled with the gravitational effect of the creation of the pulse. In particular, like the laser pulse and the gravitational effect of its emission, the gravitational effect of the emitter's energy-momentum change propagates with the speed of light.
In this article, a specific example of an emission process will be considered -an atom, modeled as a point mass, emits two counter-propagating pulses. This model respects the continuity equation of general relativity ∂ µ T µν = 0 and the results are valid for all spacetime points. The model will be arXiv:1607.01310v4 [gr-qc] 14 Oct 2016 introduced and the corresponding gravitational field will be derived in Section 2. In Section 3, the curvature and the tidal forces will be given. In Section 4 and 5, the acceleration of test particles in the bi-pulse metric will be discussed.
The situation of two laser pulses emitted from a point particle shares certain features with the spacetime corresponding to a spherically symmetrical massive object that emits radiation isotropically. The corresponding solution of the full Einstein equations is called the Vaidya metric.
In Section 6, the relation to the Vaidya metric will be clarified and the acceleration of a massive test particle in this spacetime will be discussed.
TWO LASER PULSES EMITTED BY A POINT MASS
In this section, we will present the model for the emission of two counter-propagating laser pulses from a point particle. The situation is illustrated in Figure 1 . We start with the separation of the metric into the background Minkowski metric η µν = diag(−, +, +, +) and a metric perturbation
where |h µν | 1 is assumed to hold. We assume the Lorentz gauge condition
and the Einstein field equations become, in first order in the metric perturbation (see [4] page 438)
where T µν is the energy-momentum tensor of the two pulses and the point mass. We assume the point mass to be at rest in the lab frame and the emission to happen at z = 0, to start at t = 0
and to end at t = L/c, where L the length of the laser pulses. The only non-zero component of the energy momentum tensor for the emitting point particle is given as
where m is the mass of the point particle before the emission and is the energy, ω, of each laser pulse. We model each pulse as a pulse of electromagnetic radiation, traveling from the emitter along the z-axis, with finite extension (pulse length) L in the direction of propagation, but negligible extension ∆(z) in the transverse x/y-directions, ∆(z)
L (see figure 1 ) such that we can well approximate the energy density as proportional to δ(x)δ(y). All measures refer to a laboratory frame where the emitting system is at rest before emission of the pulse. The first pulse moves in the positive z-direction and the second pulse moves in the negative z-direction. Hence, in the coordinates (ct, x, y, z), the terms in the energy momentum tensor due to the pulses have the non-
We consider only circularly polarized laser pulses, which means that the energy momentum tensor is constant over the full extension of the pulses along the z-axis. Then, the functions T + and T − have the following form:
For ct ≤ 0 :
For ct > 0 and z > 0 :
For ct > 0 and z < 0 :
where χ is a characteristic function (normalized χ 2 = χ) which -for any given time t -encodes the momentary extension and location of the laser pulses on the z-axis. It is explicitly given as
The linearized Einstein equation (3) can be solved by the retarded potential as (see [4] page 445)
with t ret the retarded time, t ret = t − (x − x ) 2 + (y − y ) 2 + (z − z ) 2 /c. The retarded potential for the energy momentum tensor of the point particle is easily calculated. The pulses define world sheets restricted to the t-z-plane starting from the emission points. The retarded solution (5) the pulses is given by the intersection of the backward light cone of the spacetime point x with the world sheets. Hence, there are three different regions defined by the future directed light cones of the emission process. A spacetime diagram illustrating this situation is given in Figure 2 . We call these regions the pre-emission cone, the emission cone and the post-emission cone, respectively.
From the retarded potential (5), we obtain the metric perturbation
where the three terms h s µν , h + µν and h − µν correspond to the point particle, the laser pulse propagating in positive z-direction and the laser pulse propagating in negative z-direction, respectively. In the coordinates (ct, x, y, z), they have the non-zero components h s 00 = h s xx = h s yy = h s zz = h s ,
The function h s , h + and h − have the following form:
with r = (x 2 + y 2 + z 2 ) 1 2 . We find that h µν coincides with the Schwarzschild metric, linearized in Schwarzschild coordinates, until the start of the emission at t = 0. By direct calculation, it FIG. 3 . The plots show one component of the metric perturbation h 00 for a point particle of mass mc 2 = 3 that emits two laser pulses of energy and length L in the coordinates (ct, x, y, z) in the (x, y)-plane for different times t. h 00 is normalized to units of κ and then the logarithm of the logarithm is taken. The mc 2 of the emitter is chosen close to the energy of the photons such that the change in the gravitational field of the emitter due to the emission becomes visible. The model allows arbitrary masses as long as they are small enough to allow for the use of linearized gravity. In a), we see the metric spherical symmetrical perturbation due to the massive point particle at rest at (z, x) = (0, 0). In b), we see the effect of the two light pulses on the metric expanding from the point of their emission at (z, x) = (0, 0) after the emission.
can be checked easily that (6) fulfills the Lorentz gauge condition (2). In the next section, we will investigate the physical effect due to the emission we modeled.
CURVATURE AND TIDAL FORCES
It is convenient to investigate the Riemann curvature tensor to find out if and where a physical effect of the metric perturbation (6), in principle, could be measured. If the Riemann curvature tensor vanishes in a spacetime region, a coordinate transformation can be found in which the metric g looks like the Minkowski metric diag(−1, 1, 1, 1) (see Section 13.9 in [5] and proposition 2.11 of [6] ). This means that there is no measurable physical effect.
In first order in the metric perturbation h µν , the Riemann curvature tensor takes the form
R νρσα has only 20 independent components. This can be seen from its symmetries R νρσα = −R ρνσα = −R νρασ and R νρσα = R σανρ and the Bianchi identity R νρσα + R νσαρ + R ναρσ = 0 it fulfills. Due to these symmetries, the Riemann tensor is invariant under linearized coordinate transformations x µ → x µ + ξ µ , where ξ µ is assumed to be small, and terms of higher than linear order in ξ µ are neglected.
The Riemann tensor R µ ρσα has a direct physical and geometrical interpretation. It appears naturally in the geodesic deviation equation for the relative acceleration between two infinitesimally close geodesics γ(λ) and γ (λ) = γ(λ) + s(λ) parameterized by λ:
where s is the separation vector between the geodesics and D/dλ =γ µ ∇ µ is the covariant derivative along the geodesic γ(λ). Equation (9) can be interpreted as the effect of tidal forces on neighboring test particles.
The linearized Riemann curvature tensor (8) corresponding to a linear combination of metric perturbations can be written as a linear combination of curvature tensors. Therefore, we obtain
with the curvature tensors corresponding to h s µν , h + µν and h − µν , respectively. Expressions for the non-vanishing, independent components of the three terms in equation (10) are given in Appendix A. Using the Lorentz gauge condition (2), we can write the only non-vanishing, independent components of the whole curvature as
where a = 0, z and i, j ∈ {x, y}. We see that R 0z0z , R 0z0i and R 0zzi are of the order of derivatives of h s . In order to evaluate them we must specify the creation process. This means, for example, that
we cannot predict the deflection of a test particle due to one of the laser pulses along the z-axis in general, without first specifying the context of the laser pulse emission. The necessity to specify the context can be seen by investigating the geodesic deviation equation (9) [3] . For expressions for the geodesic deviation due to the emitting particle and the two laser pulses see Appendix B.
FIG. 4. The plots show the curvature components R 0x0x , R 0xzx , R 0z0z and R zxzx for the metric perturbation h µν induced by a point particle of mass mc 2 = 3 that emits two laser pulses of energy in the coordinates (ct, x, y, z) in the (x, z)-plane for different times t. The logarithm of value of the curvature components is encoded in the opacity of the color. Red is a negative value of curvature component and blue a positive value. White stands for zero.
Plots for some of the curvature components are given in Figure 4 . The components presented in the plots as well as all other components share the following features: Inside a sphere, which is expanding with the speed of light, the curvature is that of a point particle with the reduced mass m − 2 /c 2 . This sphere corresponds to the end of the emission process, when the point particle hast lost the mass 2 /c 2 , due to the emission of the laser pulses. The sphere is the intersection of the spatial plane of constant ct with the post-emission cone (see Figure 2) . We can distinguish two further regions. The first is the intersection of the ct = const.-plane with the pre-emission cone.
Here, the gravitational field is that of the emitter with mass m. The spherical shell between the first and the second spherical regions is the intersection of the ct = const.-plane with the emission cone. It is only here that we find a gravitational effect of the laser pulses since only here they contribute to the curvature. We see that the gravitational field of light (corresponding to our model and the framework of linearized gravity) is only due to its emission. In the next section, we will investigate the acceleration of a test particle due to the metric perturbation (6) in the emission cone.
ACCELERATION OF A TEST PARTICLE AT REST
In this section, we investigate the acceleration experienced by a test particle at rest with respect to the emitter. In the coordinates (ct, x, y, z), the geodesic equation governing the trajectories γ of freely falling test particles is given in first order in the metric perturbation as
We will only consider terms in the metric perturbation that contribute to the curvature. All other . Hence, the effect of this coordinate transformation on equation (12) is of order κ 2 and can be neglected as a contribution of higher order. Then, in the emission cone, the functions h s , h + and h − are given as
expressed in terms of the spherical coordinates z = r cos θ, x = r cos φ sin θ and y = r sin φ sin θ and using the definition µ = Lmc 2 2 . In these coordinates, the Minkowski metric has the form η = diag(−1, 1, r 2 , r 2 sin 2 θ).
For a test particle at rest we haveγ = (c, 0, 0, 0), and the geodesic equation (12) becomes
This means that only ∂ a h 00 and ∂ 0 h a0 with a = x, y, z contribute to the spatial part ofγ. From the equations (13), we see that the metric perturbation is time independent, and the contributions
It is interesting to consider the contributions of the massive particle and the laser pulses separately. We will start with the contribution of the massive point particle. We find from equation (14) that a test particle at rest experiences a radial acceleration
inside the emission cone due to the massive point particle. Interestingly, it contains an acceleration away from the origin as we will see in the following. In the emission cone, ct lies between r and r + L. We can define the retarded time t ret = t − r/c with 0 ≤ ct ret ≤ L/c in the emission cone, and we findr
The first term in (16) is an acceleration proportional to the mass of the point particle m − 2 c 2 ctret L at the retarded time t ret . This acceleration is proportional to 1/r 2 and corresponds to the Newtonian attraction of the massive point particle. It gradually decreases as the emission cone passes the position of the test particle in the retarded time t ret = ct − r corresponding to the position of the test particle.
The second part gives rise to an acceleration away from the origin. This acceleration is proportional to 1/r, where r is the distance from the point particle. We can call it a gravitational induction force as it is associated with the change of the gravitational field due to the mass loss of the emitter.
For the contribution of the two laser pulses, we find from equation (14) for the spatial part of the acceleration
where ρ = x 2 + y 2 = r sin θ. This acceleration always points towards the z-axis. For long lifetimes after the pulse emission or close to its trajectory, the acceleration in equation (17) coincides with the attraction experienced by a massive test particle at rest due to a single laser pulse.
Note that the absolute value of the radial part of the acceleration due to the laser pulses in equation (17) is exactly twice as large as the induction force (16) due to the mass change of the point particle, the second term in equation (16). Since they are of opposite sign, the half of the radial acceleration due to the laser pulses is canceled and the total radial acceleration is
1 r , is attractive. Since the emission is not isotropic, there is an acceleration in the θ-direction. It is only due to the pulses and given as
In the next section, we want to investigate the acceleration of a massless test particle witnessing the emission process.
ACCELERATION OF MASSLESS TEST PARTICLES
For a massless test particle traveling in the -z-direction, the situation is very different than for a particle at rest. The 4-velocity vector isγ = (c, 0, 0, −c). Hence, we find with the geodesic equation
where we defined the acceleration vector as¨ γ := (ρ,z) in the cylindrical coordinates (ct, ρ, φ, z) with x = ρ cos φ and y = ρ sin φ.ρ expresses the transversal acceleration andz the longitudinal acceleration with respect to the z-axis. The second laser pulse does not contribute to the acceleration since the massless test particle propagates parallel to the second laser pulse and into the same direction.
Again neglecting all terms that do not contribute to the curvature, we have
in the emission cone. Then, evaluation of the expressions in (20) gives
Note, that the contribution of the laser pulse to the acceleration is only transversal. With the parameterization ct ret = ct − r in the emission cone we find
In equation (24), there are two terms with differing dependence on the radial distance r. The term that is proportional to 1/r is due to the emission of radiation and the change of mass of the emitter. The first term in (24) is the gravitational acceleration of light by a massive object of
The factor 2 in comparison to the Newtonian force experienced by a massive particle at rest given in equation (18) is known from general relativistic effects like gravitational lensing.
For very small ρ/r and positive z, we find that only the gravitational effect of the laser pulse contributes, and we obtain¨
ISOTROPIC EMISSION AND THE RELATION TO THE VAIDYA METRIC
In the case of the emission of two counter propagating laser pulses, light is emitted with directional preference. In this section, we will discuss the isotropical case and its relation to the metric due to a spherically symmetrical, isotropically radiating massive object; the Vaidya metric.
In the limit of infinitely many laser pulses of infinitely small energy that are emitted isotropically in all spatial directions, the energy momentum tensor becomes
where P is the total radiation power and l µ (x) is the four momentum of a light ray that is moving radially outwards at the spacetime point x and that fulfills the normalization condition l 0 = −1.
We define the retarded time u = ct − r and the advanced time v = ct + r. In the set of coordinates (u, v, θ, φ), the only non-vanishing component of the energy momentum tensor (26) is
We define the mass of the emitter as M (u) = m − P u/c 3 . Then, we can identify P with the rate of mass loss of the central particle −c 3 ∂ u M (u), and we find
A solution of the full Einstein equations to this energy momentum tensor for general monotonously decreasing functions M (u) is the retarded Vaidya metric. It was derived as the spacetime induced by a radiating spherically symmetric massive object in [7] by Vaidya. It is given by the line element (see [8] )
where dΩ 2 = dθ 2 + sin 2 θdϕ 2 and ds 2 M is the line element of Minkowski space. Note that the Vaidya metric becomes the Schwarzschild metric for constant mass, which takes its standard form ds 2 =
) −1 dr 2 + r 2 dΩ 2 using the time coordinate ct = u + r + 2M ln(r/2M − 1).
From the second expression for the line element in equation (28) the Vaidya metric is given by the metric perturbation h V µν with the only non-vanishing component
where χ(u) is the characteristic function encoding the envelope of the pulse. The metric perturbation h V µν presented in equation (29) does not fulfill the Lorentz gauge condition. Therefore, we are not able to derive it using the method of retarded potentials which we employed in Section 2. However, the discrepancy is only due to a different choice of coordinates. Thus, the linearized Vaidya metric (29) can really be seen as the isotropic version of the pulse emission metric η µν + h µν with h µν given in equation (6) .
The equations of motion for a test particle in the full Vaidya metric (28) can be derived from the metric g µν encoded in the line element ds 2 = g µν dx µ dx ν using the geodesic equation
with subsidiary conditions g µνγ µγν = −1 for massive test particles, and g µνγ µγν = 0 for massless test particles. In equation (30), the dot indicates the derivative with respect to the curve parameter, which is proper time τ for the time-like geodesics of massive particles. For the null-geodesics of massless particles, we will use coordinate time t. Γ µ ρσ are the Christoffel symbols,
From the line element (28), we obtain the equations of motion in spherical coordinates
(31)
and the subsidiary conditions
For a massive particle initially at rest, we obtain from the subsidiary condition (γ u )
and, hence,γ
For M (u) = m − P u/c 3 and small mass m, equation (33) becomes equation (18) which we derived for the emission of two counter-propagating laser pulses. The first term in equation (33) is the Newtonian gravitational acceleration due to a spherically symmetric massive object whose mass decreases as a function of the retarded time u. The second term decreases only as 1/r and is proportional to the radiation power of the spherical object P = −c 3 ∂ u M . The term "gravitational induction force" for the second term was coined in [8] . As we explained in Section 4, it contains contributions from the massive body and from the radiation that cancel partially. The contribution due to the mass loss of the massive body leads to an acceleration away from the body. The contribution of the radial radiation leads to an inward acceleration that is twice as strong as the acceleration due to the mass loss.
Due to the different dependence of the first and second term in equation (33) on the distance to the radiating object r, the second term of equation (33) becomes dominant for distances larger
Hence, there needs to be a very high emission rate for the induction force to be significant. In [8] , it is argued that the gravitational induction plays a role for radiating stars, when at all, only in catastrophic phases of gravitational collapse. For a decaying particle, however, r 0 is L = cT , where T is the duration of the emission process. If the decay process takes a femtosecond, r 0 is only of the order 100nm.
Hence, already very close to the decaying particle, the induction force becomes the dominant force during the decay. For a rubidium atom emitting a femtosecond light pulse at 780nm, we find that r 0 = 15km. Hence, the radial induction force is much weaker than the Newtonian gravitational force for all relevant distances to the atom. In the an-isotropic case of the emission of two counterpropagating laser pulses, there is a non-spherical-symmetrical part of the force, which is only due to the laser pulses. As can be seen in the equations (18), (19) and (25), this is the only significant force at points far from the emitter but close to the trajectory of one of the pulses.
CONCLUSIONS
In this article, the situation of two counter-propagating laser pulses emitted from a massive point particle was considered. The corresponding metric perturbation in the framework of linearized gravity and the corresponding curvature were derived. It was shown that the curvature is that of a massive point particle at all spacetime points lying in the causal future of the end of the emission process and in the causal past of the beginning of the emission process. It was concluded that the laser pulses only contribute to the curvature during their emission and their absorption. This is in agreement with the results presented in [3] , where only one pulse was considered and the gravitational effect of the emitter was neglected. In contrast to the model presented in the former article, in the model presented in this article, the emitter itself is taken into account, and the continuity equation of general relativity is fulfilled.
The acceleration of test particles at rest and massless test particles propagating parallel to the trajectories of the two laser pulses in the gravitational field of the emitter and the two light pulses was calculated. It was found that the acceleration due the emitter can be separated into two qualitatively different terms. One is proportional to the inverse square of the distance to the emitter. This term is the Newtonian attraction due to the emitter and it decreases with its mass loss. The second part of the acceleration is proportional to the inverse of the distance to the emitter. It is the gravitational induction force due the change of mass of the emitter.
The effect of the laser pulses on the test particles is an acceleration which is proportional to the inverse of the distance to the axis on which the two pulses propagate. It always points in the direction of this axis.
In the model presented in this article, the only condition on the mass of the emitter is that it is small enough to allow for the application of the linearized Einstein equations. Hence, the emitter could be, for example, an atom or a laser device emitting in two opposite directions. In that case, the energy corresponding to the rest mass of the point particle is much larger than the energy of the two light pulses.
Another particular case included in the model presented in this article is the equivalence of the total energy of the emitted laser pulses 2 and the energy contained in the rest mass of the point mass mc 2 . This is the case of a complete decay of the massive point particle. The resulting energy momentum tensor and the corresponding metric perturbation were already presented in [9] by Voronov and Kobzarev. The authors modeled the creation of massless particles by the decay of a massive scalar particle. This can be seen as a classical model for the decay of a Higgs boson into two photons.
The case of the isotropic emission of laser pulses from a massive point particle was discussed in Section 6. It was argued that this situation corresponds to a particular Vaidya metric with a pulsed mass loss. The corresponding acceleration of massive test particles was investigated. Again, two terms with different dependence on the distance to the emitter were obtained: a Newtonian gravitational force proportional to the mass of the emitter that decreases with the distance square and a force proportional to the radiation power that decreases with the distance to the emitter. The latter was called the gravitational induction force. Since the induction force decreases more slowly than the Newtonian force, it becomes larger than the latter at some distance from the emitter.
However, for emitting atoms it is much smaller than the Newtonian force for all experimentally relevant distances. For a decaying particle it becomes relevant already when very close to the particle. This agrees with the observation of [8] that the induction force of a radiating star is only significant in catastrophic situations of gravitational collapse.
As explained above, the situation is different for the an-isotropic situation of two counterpropagating laser pulses emitted from a massive point particle which was considered in this article;
there is a non-radial acceleration of test particles that is due only to the laser pulses. 
and
where a = 0, z and i, j = x, y.
APPENDIX B
For example, consider the case of two geodesics that start at the same time and move initially withγ = (γ 0 , 0,γ y ,γ z ) and an infinitesimal separation s = (0, −ds, 0, 0). We find from equation (9) a 0 = ds((R 0y0xγ 0 + R 0yyxγ y )γ y + (R 0zyx + R 0yzx )γ zγy + (R 0z0xγ 0 + R 0zzxγ z )γ z ) (37) a x = −ds((R x00xγ 0 + 2R x0yxγ y + 2R x0zxγ z )γ 0 + 2R xyzxγ yγz + R xyyx (γ y ) 2 + R xzzx (γ z ) 2 ) (38) a y = −ds((R y00xγ 0 + R y0yxγ y + (R y0zx + R yz0x )γ z )γ 0 + (R yzyxγ y + R yzzxγ z )γ z ) (39) a z = −ds((R z00xγ 0 + (R z0yx + R zy0x )γ y + R z0zxγ z )γ 0 + (R zyyxγ y + R zyzxγ z )γ y ) .
Only D 2 s i dτ 2 with i = x, y is independent of the curvature terms R z00j and R z0zj for which the contributions of the metric perturbation due to the point mass cannot be neglected in general.
